Introduction and Main Results.
In this paper we study the existence of sub-harmonic solutions (i.e. kT -periodic solutions) and the asymptotic behavior of the sub-harmonics for the following first order Hamiltonian system
where B(t) is a given continuous T -periodic and symmetric 2N × 2N -matrix function, H ∈ C 1 (R × R 2N , R) is T -periodic in t, ∇H := ∇ u H(t, u) and J is the standard symplectic matrix 0 −I N I N 0 . The first result on subharmonics of the system (HS) was obtained by Rabinowitz in his pioneering work [13] for constant matrix B and certain conditions on H. Since then there are many papers on the existence of sub-harmonics of the system (HS), such as [4] , [5] , [6] , [11] , [15] , [16] , [18] , [19] . Especially, in [5] and [15] , the authors studied the asymptotic behaviors of subharmonics of the system (HS) under certain conditions on B(t) and H (t, u) . In this paper, we firstly obtain two a priori estimates on the C 0 bound for the periodic solutions of the modified systems of the system (HS) following the ideas in [17] , [18] and [19] . Applying these estimates to the system (HS) and the ideas from [13] , we have the following existence results on subharmonics: Theorem 1.1. For T > 0, suppose H(t, u) ∈ C 1 (S T × R 2N , R) satisfies: (H1) there are constants µ > 2 and r 0 > 0 such that [4] , [5] , [6] , [11] , [15] [10] to study the existence of periodic solutions of the system (HS). Using the same conditions on H(t, u) as in [13] , we have a slightly more general existence result on subharmonics for the system (HS) as following: In the second part of this paper, we study the asymptotic behaviors of subharmonics. Firstly we show there is a uniform C 1 bound for the subharmonics of the system (HS) when the system has the globally super-quadratic potential (H1)' there is constant µ > 2 such that Using the uniform bound on the subharmonics from Theorem 1.3 and the ideas in [5] and [13] , when B(t) satisfies condition:
(t)) and σ(A) is the spectrum of the self-adjoint operator
. we have the following result:
. Assume B(t) satisfies (B) c and H(t, u) satisfies the conditions of Theorem 1.3, then there is a sequence of pairwise geometrically distinct subharmonics {u
Using the uniform bound on the subharmonics from Theorem 1.3 and the ideas in [15] , when B(t) satisfies condition:
(t)) and σ(A) is the spectrum of the self-adjoint operator
. Assume B(t) satisfies condition (B) and H(t, u) satisfies the conditions of Theorem 1.3, then there is a sequence of pairwise geometrically distinct subharmonics {u
(ii) moreover {u k (t)} k∈N is compact in the following sense: for any sequence of integers k n → ∞, there exists a subsequence {k ni } i∈N and a nontrivial homoclinic orbit u ∞ (t) emanating from 0 such that
Remark 3. in [5] , [13] and [15] , [5] , [13] and [15] to our situation.
We organize this paper as following: in Section 2, two a priopi estimates on C 0 bound of the periodic solutions of the modified systems of the system (HS) are proved. In Section 3, Theorem 1.1 and Theorem 1.2 are proved by applying these estimates. In Section 4, the asymptotic behaviors of sub-harmonic solutions of the system (HS) are studied and Theorem 1.3 -1.5 are proved.
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2. Two Estimates. In this Section we study the C 0 bound of the periodic solutions of the following modified systems
Here {H n } satisfy Proposition 2.1. For H satisfying (H1), σ ∈ (0, 1] such that µσ > 2, and two sequences {K n } and {K n } in R, {H n } satisfies (i) K n is monotonous increasing to infinity, as n → ∞, and [7] and [8] , where Long got a better monotone truncated sequence {H n } on H for H(t, u) C 2 in u variable. In next two sections, we don't need the monotone property and we can choose λ = σ = 1 when we define the truncated sequence {H n } as in [13] by
Remark 4. The truncated results on H(t, u) as Proposition 2.1 was first proved by Long in
, and c n (depend on n) be sufficiently large constant. In this truncation, H need only be C 1 .
Let X := W 1/2,2 (S T , R 2N ), and define the functional I n : X → R by
It is well known that I n ∈ C 1 (X, R), and the periodic solutions of (HS) n are obtained as critical points of the functional I n . Using the ideas in [17] , [18] , [19] , we prove the following two Lemmas on the C 0 bound of the periodic solutions of the following modified systems (HS) n .
Lemma 2.1. Suppose that H satisfies (H1) and (H5), {H n } satisfies Proposition 2.1, and u(t) is a T-periodic solution of (HS)
n such that
then there is a constant M independent of u and n and depend on C only such that
Proof. Integrating (iv) of Proposition 2.1 gives
where a and b are independent of n by (iii) of Proposition 2.1. Hence we have
Therefore we have min t∈ST |u(t)| ≤ C 0 where C 0 is independent of u and n. Without loss generality, we may assume |u(t)| obtains its minimum at t = 0, and |u(0)| ≥ r 0 ,
|u(t)| − |u(0)|
From (H5) and (iii) of Proposition 2.1 we have
We first show for large enough n,
If not, by passing a subsequence, for each n ∈ N, there exists u n (t) and t n ∈ S T , such that |u n (t n )| = K n and |u n (t)| ≤ K n for t ∈ [0, t n ). Let
d = max {(t,u)∈ST ×R 2N |H(t,u)<0}

{|(∇H n (t, u), u)|},
we then have
where c(may different in each step), d, C and C 0 are independent of u and n. But then K n → ∞, as n → ∞, which leads to a contradiction. Hence there exists m ∈ N, depending only on H and C such that for any n ≥ m, ||u|| C 0 ≤ K n holds.
Repeating this argument, we find that for any n ≥ m,
For k < m, from (iii) of Proposition 2.1, we have
for some suitable constant c k . By the same argument,
where c k and d k are determined by H k for k = 1, 2, · · · , m − 1. Therefore
which completes the proof. Q.E.D.
Lemma 2.2. Suppose that H(t, u) satisfies (H1) and (H3), {H n } satisfies Proposition 2.1, and u(t) is a T-periodic solution of system (HS)
then there is a constant M independent of u and n and dependent on C only such that
|H(t, u)|.
Hence we have
whereC is a constant independent of n and u. Define
, and δ(r) = inf |u|≥r,t∈ST
.
Case I: Suppose we have lim r→∞ σ(r) = 0. By the definition of σ(r), we have that σ(r) is decreasing to 0. Fix a large R > r 0 , such that a − σ(R)C > 0. First, we show |u| C 0 ≤ K n for large n. If not, by passing to a subsequence we may assume for each n, there exists u n (t), a n and b n such that
Therefore we havê
|H(t, u)|)
Combine these two formulas, we get that
|H(t, u)|
Since a − σ(R)C > 0, µ > 2, and K n → ∞ as n → ∞, the left side tends to infinity, but the right side is a constant independent of u and n. This leads to a contradiction. Hence there exists m ∈ N, which is determined by H(t, u) and C only, such that for any n ≥ m,
For n ≥ m, if ||u|| C 0 doesn't have an n-independent upper bound M 0 , then following the above proof with K n replaced by M n where M n → ∞ as n → ∞, we also get a contradiction. For n < m, as the proof in last part of Lemma 2.1, we have
where c k and
Case II: Suppose we have lim r→∞ δ(r) = 0. We need only to modify the proof of Case I a little. We have Remark 5. Here we proved the Lemmas for general potentials H, which doesn't assume any condition nearby u = 0 on the potential H(t, u). Such kind estimates was first proved in [18] when the author studied the existence of periodic solutions of the first order Hamiltonian systems possessing super-quadratic potentials. In this paper H(t, u) ≥ 0 is satisfied, which implies d = d k = 0 andC = C, then the bound M is independent of the period T and depends only on C and H(t, u) from the proofs of the Lemmas. This is one key observation to apply these estimates to get the existence of subharmonics and to get the uniform estimates for subharmonics {u k } in the next sections.
3. Existence of subharmonics. We first show that there exists at least one nonzero T -periodic solution of (HS) under the conditions of Theorem 1.1 and Theorem 1.2. as did in [13] . We truncate the potential H(t, u) by {H n (t, u)} as done in [13] satisfying Proposition 2.1 with λ = σ = 1 to get a sequence of modified systems, and we define I n (u) for these new systems. We use Theorem 1.4 in [1] to obtain the existence of the nonzero critical point of I n . One may check the details of the proof in [13] , here we only give a sketched proof. Let X := H 
As the proof of Theorem 6.10 in [14] , we have I n ∈ C 1 (X, R) and I n satisfies (I1)-(I3) of Theorem 1.4 in [1] . To verify (I4), we construct S = ∂B ρ ∩ X 1 which is the same as that in [1] . To obtain Q with r 1 and r 2 independent of n, following the proof of Theorem 1.4 in [13] , we let e ∈ ∂B 1 ∩ X 1 and u = u 0 + u − ∈ X 2 , then
with n-independent constants a 3 and a 4 which are determined by (iv) of Proposition 2.1. Choose r 1 so that
for all s ≥ r 1 . Choose r 2 large enough as [13] , we have I n ≤ 0 on ∂Q with Q = {se|0 ≤ s ≤ r 1 } ⊕ (B r2 ∩ X 2 ). So from Theorem 1.4 in [1] , I n possesses a nonzero critical point u n with I n (u n ) ≥ α n > 0. Now we need to find an n-independent upper bound for { u n C 0 }. In Theorem 1.4 in [1] , the critical value c can be characterized as the minimax of I n over an
